CONFORMAL OPERATORS ON FORMS AND DETOUR 
COMPLEXES ON EINSTEIN MANIFOLDS 
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Abstract. For even dimensional conformal manifolds several new conformally 
invariant objects were found recently: invariant differential complexes related 
to, but distinct from, the de Rliam complex (these are eUiptic in the case of Rie- 
mannian signature); the cohomology spaces of these; conformally stable form 
spaces that we may view as spaces of conformal harmonics; operators that gen- 
eralise Branson's Q-curvature; global pairings between differential form bundles 
that descend to cohomology pairings. Here we show that these operators, spaces, 
and the theory underlying them, simplify significantly on conformally Einstein 
manifolds. We give explicit formulae for all the operators concerned. The null 
spaces for these, the conformal harmonics, and the cohomology spaces are ex- 
pressed explicitly in terms of direct sums of subspaces of eigenspaces of the form 
Laplacian. For the case of non-Ricci fiat spaces this applies in all signatures 
and without topological restrictions. In the case of Riemannian signature and 
compact manifolds, this leads to new results on the global invariant pairings, in- 
cluding for the integral of Q-curvature against the null space of the dimensional 
order conformal Laplacian of Graham et al.. 



1. Introduction 

Differential forms provide a fundamental domain for the study of smooth mani- 
folds. In Riemannian geometry the de Rham complex, its associated Hodge theory, 
and distinguished forms representing characteristic classes are among the most ba- 
sic and important tools (e.g. [HllTHj). In physics the study of forms is partly mo- 
tivated by Maxwell theory and its generalisations. Operators on differential forms 
feature strongly in string and brane theories. In both mathematics and physics 
Einstein manifolds have a central position p] and thus they give an important 
class of special structures for the study of geometric objects. 

Among the differential operators that are natural for pseudo-Riemannian struc- 
tures only a select class are conformally invariant. Conformal invariance is a subtle 
property which reflects an independence of point dependent scale. This symmetry 
is manifest in the equations of massless particles. It is linked to CR geometry 
(hence complex analysis) through the Fefferman metric [19]; the natural equations 
on the Fefferman space are conformally invariant. This symmetry also underpins 
the conformal approach to Riemannian geometry. For example, it is essentially 
exploited in the Yamabe problem (see [36] and references therein) of prescribing 
the scalar curvature. Recently there has been a focus on variations of this idea, 
including the conformal prescription of Branson's Q-curvature [5], [131 EH]- These 
problems use the conformal Laplacian on functions (or densities) and its higher 
order analogues due to Paneitz, Graham et al. [32] . 
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The use of conformal operators on forms provides a setting where, on the one 
hand, there is potential to formally generalise such theories, but which, on the 
other hand, should yield access to rather different geometric data. An immediate 
difficulty is that forms are more difficult to work with than functions and so, while 
there was much early work in this direction (e.g. [HI |4j), this did not yield a clear 
picture. In dimension 4, and inspired by constructions from twistor theory, some 
rather interesting directions and applications to global geometry were pioneered in 
the work of Eastwood and Singer [UlIIH]- Links between this result and the tractor 
calculus of [U [9l [To] were established in [6]. On the other hand in [lT],[27] it is shown 
that the conformal tractor connection may be recovered as a suitable linearisation 
of the ambient metric of Fefferman and Graham [201 (and see also |EI])- Exploiting 
both developments a rather complete theory of conformal operators on forms was 
derived in the joint works [3, E] of the first author with Branson. The main point 
of that article was not simply to construct conformal operators on differential 
forms, but rather, to expose and develop the discovery of preferred versions of such 
operators and the rather elegant picture that these yield: one may immediately 
construct, on even dimensional conformal manifolds, a host of new global conformal 
invariants. Some of these generalise, in a natural way, the integral of Q-curvature. 

For most of these new operators explicit formulae are not available. For any 
particular operator a formula may be obtained algorithmically via tractor calculus 
and the theory developed in [23, EH]- However the resulting operators, when pre- 
sented in the usual way, are given by extremely complicated formulae. It turns out 
there are striking simplifications when these operators are studied on conformally 
Einstein manifolds. The purpose of this article is to expose this, via a comprehen- 
sive but concise treatment, and use the results to study, in the Einstein setting, 
the related global conformal invariants and spaces. 

To describe the content in more detail we first review the relevant results from 
[7] and [8j. On conformal manifolds of even dimension n > 4 there is a family of 
formally self-adjoint conformally invariant differential complexes: 

(1) ^0 ^ . . . ^ s"-' ^S'^Sk^Sk-i^-'-^So . 

Here, for each k E {0, 1, ■ ■ ■ ,n/2 — l},£'^ denotes the space of fc-forms, £k denotes 
an appropriate density twisting of that space, d is the exterior derivative and 6 its 
formal adjoint. An interesting feature of these complexes is that the operators 
have the structure of a composition 

where Qk+i is from a family of differential operators, parametrised by = —1, ■ ■ ■ , n/2— 
1, and which, as operators on closed forms, generalise Branson's Q-curvature; in 
particular under conformal rescaling of the metric g ^ ^ = e^^g (t^ G C°°) these 
have the conformal transformation formula 

QkU = QkU + Lk{uju) for u a dosed fc-form, 

QqI is the Q-curvature and Lq is the dimension order GJMS operator of [32] • On 
closed forms these Q- operators hsive the ioiiaQk+i = {d5)^^'^~''~^+lower order terms, 
so in the case of Riemannian signature the complexes ([T]) are elliptic. Writing 
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for the (conformally invariant) cohomology at k, for the complex ([T]), it follows 
that on compact Riemannian manifolds is finite. 

The composition Gk '■= SQk is a conformal gauge companion operator for and 
also for the exterior derivative d. What this means is that the systems (L^, Gk) 
and {d, Gk) are, in a suitable sense, conformally invariant and, in the case of 
Riemannian signature, are graded injectively elliptic. For example the null space 
Hq of {d, Gk) is conformally stable and, as pointed out in [7j, is a candidate for a 
space of "conformal harmonics". Some perspective on these objects is given by the 
sequence 

(2) Q ^ H^-^ ^ H^-^ ^ 1-L% ^ H'' , A;G {1,2,--- ,n/2} 

where indicates the usual de Rham cohomology. The map H^^^ — > H^^^ is 
the obvious inclusion, since L factors through the exterior derivative. The map 
T-Lq is that which simply takes solutions of (d, Gk) to their cohomology class. 

It is immediate from the definitions of the spaces that the sequence is exact, but 
it is an open question whether in general the final map 71% — > H'' is surjective. 
When it is we say that the space is {k — l)-regular [7]. 

We present here a study of all of these spaces and operators specialised to the 
setting of an Einstein structure. By exploiting some recent developments we obtain 
a treatment which, surprisingly, obtains most of the results in a uniform way in all 
signatures and without assuming the manifold is compact. As indicated above the 
motivation is manifold. The cohomology spaces, and related structures, mentioned 
above are clearly fundamental to conformal geometry. An important problem is 
to discover what data they capture. On the other hand there is the opportunity 
to shed light on Einstein structures which form an important class of geometries 
which remain rather mysterious; for example there are very few non-existence re- 
sults for compact Riemannian Einstein spaces, while the construction of examples 
is primarily through Kahler geometry. The idea that this might be a rewarding 
approach is suggested by the intimate relationship between conformal geometry 
and Einstein structures. Conformal structures admit a natural conformally invari- 
ant connection on a prolonged structure: this is the Cartan connection of |12| . or 
equivalently the induced structure is the conformal standard tractor connection 
that was already mentioned. An Einstein structure is equivalent to a suitably 
generic parallel section of this tractor bundle and so is, in this sense, a type of 
symmetry of conformal structure. 

For case of the conformal Laplacian type operators this last point was exploited 
heavily in [2l] where two of the three main results are as follows: on Einstein 
manifolds the GJMS operators of [32] factor into compositions of operators each of 
which is of the form of a constant potential Helmholtz Laplacian; the Q-curvature 
is constant and (up to a universal constant) simply a power of the scalar curvature. 
(See also [2T] where similar results are obtained using different techniques.) Here 
we develop the analogous theory for operators on differential forms. In fact we do 
much more. A first step is that we obtain factorisations of the key operators which 
generalise those from [24] (to our knowledge such factorisations are new even for the 
conformally flat Einstein setting). On the other hand in [30l[3T] we show that if the 
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factors Pj : V — V (for some vector space V), in a composition P := PqPi ■■■ Pi of 
mutually commuting operators, are suitably "relatively invertible" then the general 
inhomogeneous problem Pu = f decomposes into an equivalent system PiUi = f, 
i = 0, - ■ ■ This is used extensively in the current work to reduce, on non-Ricci 
flat Einstein manifolds, the generally high order conformal operators to equivalent 
lower order systems. The outcome is that in any signature (and without any 
assumption of compactness) on non-Ricci flat Einstein manifolds we can describe 
the spaces Af{Lk) (the null space of L^), and Hq explicitly as a direct sum of 
:= Af{d) n Af{6) and the (possibly trivial) "eigenspaces", 

77' , := {/ G I d6f = A/}, 7^^,, := {/ G \ 6df = A/}, 

for various explicitly known A G M. (Here a denotes the Einstein scale in the 
conformal class, see Section O) See in particular Proposition 15.31 and f l25l ). and 
note that for A 7^ the displayed spaces give the 7l{d) (range of d) and 7^(5) parts 
of the form Laplacian "eigenspace" {/ G | {d6 + 6d)f = A/}. We also come to 
a simple decomposition for (see expression (l27l)) and other conformal spaces 
from [7j. 

Stronger results are available in the compact Riemannian setting and these 
are summarised in Theorem 16. 4[ Observe, in particular, that this shows that all 
compact Riemannian Einstein even manifolds are /c-regular for = 0, 1 ■ ■ ■ , n/2 — 
1, and that, in this setting, Tt^ agrees with the usual space of harmonics for 
the form Laplacian. From the ^-regularity it follows that the global conformally 
invariant pairings on Hq, as defined in [8], descend to a conformal quadratic form 
on de Rham cohomology. See Theorem 16.51 and also Proposition 16.21 which shows 
that, in the Einstein case, the pairing is given by a power of the scalar curvature; 
in fact by a formula which generalises the formula from [24] for Q-curvature on 
Einstein manifolds. Also in Theorem 16.51 we show that the conformal pairing, 
via Q-operators, of closed forms against forms in Af^L^) descends to a closed 
form pairing. See the Remark following Theorem 16.51 which emphasises that this 
also gives a result for the usual Q-curvature. Some of the results for compact 
Riemannian manifolds could be obtained by using, at the outset, the complete 
spectral resolution of the form Laplacian. However doing this conceals the fact 
that, for the most part, the same results are available even when we do not have 
access to diagonalisations of the basic operators. 

The development is as follows. Section 12.11 summarises some basic conformal 
geometry, tractor results, and identities to be used. In Section [3] we construct 
Laplacian operators on weighted tractor bundles. This is in the spirit of [2l], but 
there is an algebraic adjustment to the basic operators. Using these Laplacian 
power operators, in section [4] we derive formulae for the key operators, L^, Qk, 
and so forth, in the Einstein setting. The main result is Theorem 14. 2[ In fact 
in contrast to the construction in [7] (which heavily uses the Fefferman-Graham 
ambient metric) , these operators are developed and defined directly using invariant 
tractor operators. That we recover the operators from |[7] is the the main subject 
of Section [3 In each case the operators are given in terms of compositions of 
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commuting operators. This enables, in Section [5l the use of the tools from [30] as 
recounted in Theorem IS.li 

The first author would like to thank the Royal Society of New Zealand for 
support via Marsden Grant no. 06-UOA-029. The second author was supported 
from Basic Research Center no. LC505 (Eduard Cech Center for Algebra and 
Geometry) of the Ministry of Education of Czech Republic. We are appreciative 
of the careful reading by the referee; this exposed a number of typographical errors 
in the original manuscript. 

2. Background: Einstein metrics and conformal geometry 

We first sketch here notation and background for general conformal structures 
and their tractor calculus following [TT], [27]. The latter is then used to describe 
operators that we will need acting on tractor forms and some key identities are 
developed. Some parts of the treatment are specialised to Einstein manifolds. 

2.1. Conformal geometry and tractor calculus. Let M be a smooth manifold 
of dimension n > 3. Recall that a conformal structure of signature (p, q) on M is 
a smooth ray subbundle Q C S'^T*M whose fibre over x consists of conformally 
related signature-(p, q) metrics at the point x. Sections of Q are metrics g on M. 
The principal bundle vr : Q — > M has structure group ]R_|_, and each representation 
R+ 3 X i-^ x"™/^ G End(M) induces a natural line bundle on (M, [^f]) that we term 
the conformal density bundle E[w]. We shall write S[w] for the space of sections 
of this bundle. Here and throughout, sections, tensors, and functions are always 
smooth. When no confusion is likely to arise, we will use the same notation for a 
bundle and its section space. 

We write g for the conformal metric, that is the tautological section of S'^T*M® 
E\l] determined by the conformal structure. This will be used to identify TM 
with T*M[2]. For many calculations we will use abstract indices in an obvious 
way. Given a choice of metric g from the conformal class, we write V for the 
corresponding Levi-Civita connection. With these conventions the Laplacian A is 
given by A = g"'^VaSb = V'V;, . Note E[w] is trivialised by a choice of metric 
g from the conformal class, and we write V for the connection arising from this 
trivialisation. It follows immediately that (the coupled) Va preserves the conformal 
metric. 

Since the Levi-Civita connection is torsion-free, the (Riemannian) curvature 
Rab^d is given by [V^, Vb]f = Rah'^dV'^ where [■, ■] indicates the commutator bracket. 
The Riemannian curvature can be decomposed into the totally trace-free Weyl cur- 
vature Cabcd and a remaining part described by the symmetric Schouten tensor Pab, 
according to Rabcd = Cabcd + 2g^[^Pb]d + 2gr^[^Pa]c, where [■ ■ ■ ] indicates antisym- 
metrisation over the enclosed indices. We shall write J := P"a- The Cotton tensor 
is defined by 

Aabc '■= 2V[fePc]a- 

Under a conformal transformation we replace a choice of metric g by the metric 
g = e'^'^g, where u is a smooth function. Explicit formulae for the corresponding 
transformation of the Levi-Civita connection and its curvatures are given in e.g. 
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[27] ■ We recall that, in particular, the Weyl curvature is conformally invariant 

Cabcd 

We next define the standard tractor bundle over (M, [g]). It is a vector bundle 
of rank n + 2 defined, for each ^ G [^], by [S\ = S[l]®Sa[l]®S[-l]. lfg = e^'^g, 
we identify (a,/Xa,r) G with (a, /ia,^) ^ [^"^l? by the transformation 

(3) I /^a I = I 

where := VaT. It is straightforward to verify that these identifications are 
consistent upon changing to a third metric from the conformal class, and so taking 
the quotient by this equivalence relation defines the standard tractor bundle T, or 
in an abstract index notation, over the conformal manifold. (Alternatively the 
standard tractor bundle may be constructed as a canonical quotient of a certain 2- 
jet bundle or as an associated bundle to the normal conformal Cartan bundle pU].) 
On a conformal structure of signature (p, q) , the bundle S"^ admits an invariant 
metric Hab of signature (p + 1, g + 1) and an invariant connection, which we shall 
also denote by Va, preserving Hab- In a conformal scale g, these are given by 

/O 1\ /a\ I Vaa-fia 

(4) hAB = g^f, and Va /ifc = Va/ib + Qab'^ + Paba 

yi 0/ \tJ \ WaT-Pabfi' 

It is readily verified that both of these are conformally well-defined, i.e., inde- 
pendent of the choice of a metric g G [g]. Note that Hab defines a section of 
£ab = £a® £b, where £a is the dual bundle of Hence we may use Hab and 
its inverse h^^ to raise or lower indices of £a, £^ and their tensor products. 

In computations, it is often useful to introduce the 'projectors' from £^ to the 
components ^[1], £a[^] and £[—1] which are determined by a choice of scale. They 
are respectively denoted by Xa G ^ ^^yia[l] and Ya G £^^[—1], where 

^^AaM = £a ® £a £[u!], ctc. Usiug the metrics Hab and g^^^ to raise indices, we 
define X^, Z^°-, Y^. Then we immediately see that 

YaX"^ = 1, ZAbZ'^c = Qbci 

and that all other quadratic combinations that contract the tractor index vanish. 
In ((HI) note that a = a and hence X"^ is conformally invariant. 

Given a choice of conformal scale, the tractor-D operator Da'- £b-e[w] — > 
£ab-e[w — 1] is defined by 

(5) DaV := {n + 2w- 2)wYaV + {n + 2w - ^^ZacS^V - XaUV, 

where DV^ := AV^+w JV". This also turns out to be conformally invariant as can be 
checked directly using the formulae above (or alternatively there are conformally 
invariant constructions of see e.g. [22]). 

The curvature f2 of the tractor connection is defined by 
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for V"*" G S'-^ . Using dH) and the formulae for the Riemannian curvature yields 

(6) ^abCE = Zc^ZE^Cahce — '^^{c'Z' E] -^eah 

We will also need a conformally invariant curvature quantity defined as follows 
(cf. [221 [23]) 

3 

(7) F '■= 7:D X[A^BC] F, 

n — 2 

where Qbc^f '■= Zb^Zc'^VLi,^^ p. In a choice of conformal scale, Wabce is given by 

/^N {n — 4) {^ZA^Zs'^Zc^ZE^Cabce — "^Z a"" Z b'^ XycZ pf ^eah 

^ ' -2XlAZB]''Zc'ZE'Abce)+^XlAZB]'XlcZEfB,b, 

where 

Bab '■= V'^Aacb + P'^'^Cdacb- 

is known as the Bach tensor. From the formula ([8]) it is clear that Wabcd has 
Weyl tensor type symmetries. 

We will work with conformally Einstein manifolds. That is, conformal structures 
with an Einstein metric in the conformal class. This is the same as the existence of 
a non-vanishing section a G £[1] satisfying [V(aV;,)Q + P{ab)o\ o" = 0, where (. . .)o 
indicates the trace-free symmetric part over the enclosed indices. Equivalently 
(see e.g. [U [26]) there is a standard tractor I a that is parallel with respect to the 
normal tractor connection V and such that a := XaI"^ is non- vanishing. It follows 
that Ia '■= ^Da<^ = X4<7 + Z'^VaC — ;^X^(A + J)cr, for some section a G and 
so X^Ia = ct is non-vanishing. If we compute in the scale a, then for example 
Wabcd = {n — A)Z'XZ'^^Z^Zf)Cabcd- 

2.2. Tractor forms. Following |7] we write S''[w] for the space of sections of 
{A^T*M) ® E[w] (and S'' = S^[0]). Further we put Sk[w] := S^[w + 2k - n]. The 
space of closed /c-forms shall be denoted by (Z . 

In order to be explicit and efficient in calculations involving bundles of possibly 
high rank it is necessary to employ abstract index notation as follows. In the usual 
abstract index conventions one would write £[ab-c] (where there are implicitly k- 
indices skewed over) for the space To simplify subsequent expressions we use 
the following conventions. Firstly indices labelled with sequential superscripts 
which are at the same level (i.e. all contravariant or all covariant) will indicate a 
completely skew set of indices. Formally we set a} ■ ■ ■ = [a^ ■ ■ ■ a''] and so, for 
example, Sa^...ak is an alternative notation for S'' while S^L.-a^-^ and £a'^...ak both 
denote £^~^ . Next, following [29] we abbreviate this notation via multi-indices: 
We will use the forms indices 

s!" ■=a^ ■■■a^ = {a^ ---a^ k > 0, 

bI" ■= a'^ . . . a!" = [a^ ■ ■ ■ a% k > 1. 

If = 1 then a'^ simply means the index is absent. The corresponding notations 
will be used for tractor indices so e.g. the bundle of tractor /c-forms S^a'^-.-a''] will 
be denoted by - or ^a*- - 



8 



Cover & Silhan 



The structure of Sp^k is 

(9) V-A^-] = - ^ {£\k] ® 8^-^[k - 2]) ^8^-^[k - 2]; 

in a choice of scale the semidirect sums 6" may be replaced by direct sums and 
otherwise they indicate the composition series structure arising from the tensor 
powers of ([3]). 

In a choice of metric g from the conformal class, the projectors (or splitting 
operators) X, F, Z for £a determine corresponding projectors X, Y, Z, W for i^A^+ii 
k >1 These execute the splitting of this space into four components and are given 
as follows. 







— Y ^'^ 

— ^AOAfe 


V 7°^ 7°^ 
- ^AO^A^ ' ' '^Ai' 


(= pa* 


[-fc - 1] 




- ^A^-A^ 




1 h 

^ ^Ai ■ ■ ■ ^Afe 










— ^^^A'AOA* 


V "V 7 ''^ 7 of' 
- ^[A'^^A^'^A^ ■ ■ ■ ^Afe] 


A'=+2 


[~k] 




— ^AOAi---Afe 


IT 


V 7 0^ ^a* 
- ^A^'^A^ ■ ■ '^Afc 




\-k + 1] 



where > 0. The superscript in Y'^, Z'^, W'^ and X'^ shows the corresponding 
tensor valence. (This is slightly different than in |7j, where k is the relevant tractor 
valence.) Note that F = Y^, Z = Z^ and X = X° and W° = X^a'Ya^]- From (H 
we immediately see V^Ya = Z^Ppa, VpZ'X = -6^Ya - P^Xa and VpX^ = Za^. 
From this we obtain the formulae (cf. [29j) 

VpY^OAfc = -Ppao^AOA* + ^AOA* 

^^Q^ vXoi = -ik + l)<Y^oi: - (A: + l)P/°X^oi 

VpW^oX* = ^fl'pai'^AOA* + -PpaiX^o\fe 
VpX^oXfc = A'paO^AOA* ~ ^^p "^AOA*^' 

which determine the tractor connection on form tractors in a conformal scale. 
Similarly, one can compute the Laplacian A applied to the tractors X, Y, Z and W. 
As an operator on form tractors we have the opportunity to modify A by adding 
some amount of W%%, where jj denotes the natural tensorial action of sections in 
End(£^^). Analogously, we shall use C%% to modify the Laplacian on forms; here jj 
denotes the natural tensorial action of sections in End(£^'^). It turns out (cf. [7j) 
that it will be convenient for us to use the operator 



^ n = 4. 



(Note A = V"Va.) Since the Laplacian is of the second order, it is convenient 
to consider e.g. ^^YaTs where G £^aM- ^^^^ be sufficient for our purpose to 
calculate this only in an Einstein scale. For example, using (fTOl) and then that 



a 



(11) 
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Pab = QabJ/^^ we have 

= - Y^[{5d + d5 + (i_^(^zl)^Z^) J + cn)r] 
nk n 

where, as usual, A = and a = a^. Summarising, one can compute that in an 
Einstein scale we obtain 

-^Yir, = Yi[{6d + d6+{l- ^(tlDtzt^p) r] ^ 

nk n n"^ 

-I^TL\y.^ = -2kYi ((5/i)a + [ {Sd + d6 - ^^(^~^~^) j) ^] ^ 
2k 

- — Xi(J5/i)a 

n 

Wiz/, = Tr^YKdz.), + Wi[{5d + d6- 2(fc-3)(n-fc + 2) ^^^j ^ 

-^Xipa = (n-2A; + 2)Yip^ - 2(A;- l)Wi(5p)a 

- l^lidp)^ + XI + d5 + (i_ 2(fe-l)(^-fe + l) )j)^]^. 

if either tt, = 4, /c = 1 or n 7^ 4, cf. [371 (1-50)]. Here Ta G i^aMi /^a ^ ^^aMi 
^'a £ ^^a[^] and Pa £ ^^a[w] whcrc a = a'^, > 1 and w is any conformal weight. 

2.3. Useful identities. Here we first introduce and discuss some identities that 
hold on a general conformal manifold. 

Recall that sequentially labelled indices are assumed to be skew over, e.g. 
A^A^ = [A^A'^]. The operator 

(12) Daia^ = -2{wWa^a^ + X^i^^Va) 

was introduced in [23]. Also recall the definition of the tractor Wb^b^c^c^ in ©. 
By replacing A by in ((51) we obtain the conformally invariant operator 

Da n = 4. 

The case n 7^ 4 of this operator was introduced in [7|. In contrast to D, and 
surprisingly, the commutator oi Jp is algebraic (cf. the commutator of D in [27] ) 
for n 7^ 4: 

n + 2w — 2 

(13) [IpA, Pb] = [{n + 2w- A)Wab^ - [DabWM] f,n^4. 
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This can be checked by a direct computation, or alternatively by a rather simple 
calculation using the ambient metric and its links to tractors as in Section [71 For 
n = 4 we have [IpA^Ps] = [-Da, Db], see [27] for the latter. Note one can moreover 
show that for n 7^ 4, the operator Da — uXaW^, ?/ G R has algebraic commutator 
only for the value y = 

Proposition 2.1. Da^a^ and Wb'^b'^c^c'^ have the following properties: 

(i) D[AiA^WBiB'2]C^C2 = 

(a) Dai^Wpa'^b^B^ = -Waia^b^b^- 

Proof. We shall use the form indices A = A^, B = and C = throughout 
the proof. Both identities can be verified by the direct computation. To simplify 
the computation note that alternatively [37] we have 

Wbc = [{n - 4)Z| - 2Xgv'']^]bc G £bc[-2]. 

(i) Using the relations W^^X^j = X^jji^] = Xf^W^] = (which follow from 
X[aXb] = 0) we obtain 

D[aW^]c = -2{n~ 4)W[AZ|]^^bc - 2(n - 4)X[XY^]^],6c 

+ {n- 4)X[1Z^] Val^bc - 2X[lZ|]P,,i V^fipft^c- 

Now clearly the first two terms on the right hand side add up to and the remaining 
ones both vanish. 

(ii) Clearly Wa^^^pa' = X^i^-^'Xp J = 0. Thus 

Dai'^Wpa^b = -2{4(n - 4)WAi^XpJ.V^fi,,2B 

+ (n - 4)X^/^'[-2YpJ.fip,2B + Z^i'Vpf^as] 
+ X^/^'[-2Z^'^«.'^p,i + 2WpA2Sf]V''n,a2B}. 

Now using W^i^Xp^'^ = ixf , X^i^^Z^^/ = ^x£gP-' and X^/^Yp^'^ = --.K'- 
jWaQ^'^ the proposition follows. □ 

Lemma 2.2. (i) Let E £^ he a parallel tractor. Then Dp'^Wqa-2b^b'^ = 
and I^Dp[AoWAiA'^]B^B^ = 0. 

(ii) Let 1^,1^ E be a two parallel tractors. Then I^^ I^^ Da^a^Wb^b^c^c^ = 

0. 

Proof. Recall any parallel tractor satisfies I^^Wa^a^b^b'^ = [26j. Thus the 
first relation of (i) follows by applying to Proposition 12.11 (ii) and the second 
relation of (i) by applying to Proposition 12.11 (i). Similarly, (ii) follows by 
applying J^^/^^ to Proposition 12.11 (i). □ 

3. Einstein manifolds: conformal Laplacian operators on tractors 

We assume that the structure (M, [g]) is conformally Einstein, and write a G £^[1] 
for some Einstein scale from the conformal class. Then := -D^a is parallel 
and X^Ia = ct is nonvanishing. 
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The operator □ = A + wJ acting on tractor bundles of the weight w is invariant 
only if n + 2w — 2 = 0. On the other hand the scale a (or equivalently J^), yields 
the operator 

(14) := I^pA : £b-e[w] ^ £b-e[w - 1] 

which is well defined for any w, cf. [24]. Thus we can consider the composition 
{^aY, p G N and we set (l^o-)° := id. These operators generally depend on the 
choice of the Einstein scale but one has the following modification of [24l Theorem 
3.1]. 

Theorem 3.1. Let cr, a he two Einstein scales in the conformal class and consider 
the operators 

forpeZ>o. Ifw = p-n/2 then ^{$,Y = M^^Y ■ 

Proof. Assume w = p — n/2 and denote the Einstein metric corresponding to a by 
g := <7~'^g. Then ^(l^cr)^ is very similar to the operator given by [Ml (19)]. The 
difference is, beside the sign, that we have replaced Da in the definition of PJ' by pA 
in the definition of -^{l^aY- Thus our statement is analogous to [Ml Theorem 3.1] 
for the operators P-j. We can follow the proof of the latter theorem literally; the 
diff'erence between Da and pA appears only in the commutator in the last display 
in the proof of [2ll Theorem 3.1]. In our case, we need the commutator [IPa^Pb] 
instead of that display and to finish the proof it remains to show that I^I^[If)A, Pb] 
vanishes on density valued tractor fields. Here = -D^a, = -D^a are 
parallel tractors corresponding to the Einstein scales a, a. But this follows from 
(fT3ll . Lemma O (ii) and the fact I^^^Wa^a-^b^b^ = 0. □ 

4. Einstein manifolds: Q-operators, gauge operators and detour 

complexes 

The main aim here is to recover, in the Einstein setting, the differential com- 
plexes ([I]), the Q-operators and the related conformal spaces, as defined in [^. 
In that source the Fefferman-Graham ambient metric is used to generate the op- 
erators which form the "building blocks" of the theory. In contrast here, in the 
conformally Einstein setting, all the operators are "rediscovered" directly using the 
tractor operators. However in Section [7] we use the ambient metric to establish 
that we do have exactly the specialisation of the operators and spaces from t?|; 
see the comment following expression ( fTOl l and Proposition 17.11 

Here we work on an Einstein manifold in an Einstein scale cr G ^^[1]- The first 
step is the conformally invariant differential splitting operator 

(15) n — 2k 

Ml/a = — ^Zl/, + Xl(<5/),. 

where A = A^ and a = a'^. This is a special case of the operator M from [29] (up 
to the multiple k). 
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Let := -D^a be the Einstein tractor for a e £\1]. Since = V^a- -X'^aJ 

n I- J n 

in the scale a, it follows from (fT4l) that 



7/7 

(16) = a(-^ - 2-(n + w; - 1) J) : ^^..-i^H ^ ^^...^[w; - 1] 

in the scale a. For any differential operator E : £^ S'^ we have the compositions 

(17) PM:=fl(^+ "'""'^"'^^' j 

for p > 1. We set P^iE] := id for p < 0. Note that can be considered as a 
polynomial in E. 

Next we define the operator 

(18) := ^m.YMl : S^w] Sa[w - k - 2p] 

for p > where {$^)° := id. We put := for p = n+2|^. It follows from 
Theorem 13. II that is independent on the choice of the Einstein scale a. 
Now we are ready to state the main technical step of our construction. 

Theorem 4.1. Let /a G Sa where a = a''' and p > I. Then computing in the 
Einstein scale a we obtain 

mf)a = -p{n-2k- 2p)Yi[6Pj:~'[d6]f]a 

+ ^Zliin ~2k- 2p)d5Pr\d5]f + {n- 2k)5dP^;l[5d]f]a 

+ XI[5(d5 + P^'''f^^\ j)Pr\d5]fU. 

Proof. It is easy to show by a direct computation (using (fTOl) and (fTTll ) that the 
theorem holds for p = 1. Now assume, by induction, that the theorem holds for a 
fixed p E N. To verify the theorem for p + 1 we need to compute 

= + 2^(n - A; - p - 1) J) {^.TMIU 



= {-/^ + 2^{n-k-p-l)j){hlf)a 

where the multiple of J follows from ( flGll and from the conformal weight of 
(j^aYM^fa G SA[—k — p]. Since the theorem yields the formula for (lL^/)a we 
can continue in the computation using (fTOl ) and ( fTTll . The rest of the proof is to 
finish this computation. Let us show at least the top slot. Using (fTOl) . (fTTll and 
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the formula for (IL^/)a we obtain 



p{n -2k- 2p)6d6P^-'[d5]f 

- p{l - 2(A:-l)(n-A: + l) ^^^ _ _ 2ppspP~^[d6]f 

- 2{n -2k- 2p)5d6Y{p - l)f 
+ (^n-2k + 2)5{d5 + ^^'^~^^^'^h )Pl-\d5]f 

- 2^^(^ -k-p- l)p{n -2k- 2p)J5Pl'\d5]f 

Summing up appropriate terms, we obtain that this is exactly 
-{p + l)(n - 2A; - 2{p + l))Yl[5Pl[d5]f]^. 
The computation of remaining slots is similar and the theorem follows. □ 

Now let us assume that the dimension n is even and k G Then 
putting p = ^^^^ > in Theorem 14.11 we obtain 

(19) = fz^{6dPi;;l[6d]fX + Xi{6Pi:[d6]f)^. 

for /a G Sa- It follows from Proposition 17.11 that acting on Sg, agrees with 
the operator defined in [7] up to a nonzero scalar multiple. Thus we have the 
following results for the operators G^, Ql and Lk from [7j. 

Theorem 4.2. In an Einstein scale a we have, up to a nonzero scalar multiple, 
the formula 



n-2fc 
2 



, , ^ T-r / ,^ 2i(n — 2k — i + 1) ^ 
(20) sl[id6+^ 



• 1 X ^ 

1=1 X 

for the operator of [7] 

GO" ck c 
k ■ O Ok-1- 

As an operator on closed k-forms, up to a nonzero scalar multiple, we have: 

n~2k 

^ ( 2i(n-2k-i + l) ^ 
(21) Q-=JJ/rf5+^ 

i=l ^ 

Note that at the k = n/2 extreme these are taken to mean G'^^2 = ^'^^ Qn/2 ~ 

Proof. Note that setting p = ^^-^ in Theorem 14.11 the coefficient of Y vanishes 
in the display and the left-hand-side of the display is the operator of [7]. The 
coefficient of X is thus G^ as in Theorem 4.5 of [7]. This gives the formula pre- 
sented. Here we have used the fact that the factor d5 + j -^rith p = 
of the coefficient of X appears as a composition factor in Pk[d6] (the factor with 
i = pm STTh). 

Now by Theorem 2.8 of [7] and its proof we have that G^ = 6Ql and Ql is 
formally self-adjoint. Thus the formal adjoint G^'* of G^ is Qld : S''^^ Sk- On 
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the other hand since Ql is a differential operator it follows from this that G^'* 
determines the given formula for as an operator on closed forms. □ 



Observe that from (1211 ) we have immediately the following useful observation. 

Corollary 4.3. On Einstein manifolds and in an Einstein scale Q^. : ^ C^. 

The operator Gl acting on closed forms will be denoted by Gk '■ £k~i- It 

follows from (fTOll that G^ is conformally invariant (recall it is defined as projection 
to the X-slot of ([li)). 

Corollary 4.4. In an Einstein scale a the conformally invariant detour operator 
Lk : £^ £k is given, up to a nonzero scalar multiple, by 



* n 



2i{n-2k-i-l] . ^ 
d6 H ^ -J ] d 

n 

1=1 



for k < n/2. Moreover we set Ln/2 = 0. 

Proof. On a general manifold we have Lk = SQl^^d from Theorem 2.8 of [7]. Hence 
the statement follows from the formula Ql_^_i from (|2T]) . □ 

Remark 4.5. Observe that the operators Lk, and the fact that they have the form 
6Md, may be extracted directly from expression f |T9l ). Thus, in this conformally 
Einstein setting, we obtain detour complexes as in ([T|) from (fTOl ). Of course these 
were developed on general conformal manifolds in [7j but the construction in the 
conformally Einstein setting here is independent of [7]. Proposition 17.11 is only 
used here to verify that it is (the specialisation of) the same complex and also to 
make the connection to the Q-operators from fTj. 

We have constructed the operator (thus also G^, Ql and Lk) for k G 
{1, . . . , |} as we assumed the latter range in (fT9l) . However formulae ( !20l l for G^, 
(|2T]1 for and Corollary 14.41 for Lk make sense also for /c = [24]; the operators 
Qq and Lq formally agree, up to a nonzero scalar multiple, with the correspond- 
ing operators and □„/2 from [24|. Further we put Lq := Lq. Here and below 
g = a~^g is the Einstein metric. So henceforth we shall assume k e {0, . . . , |}. 

5. Decompositions of the conformal spaces 

We work on a general (possibly noncompact) conformally Einstein even dimen- 
sional manifold (M, [(?]) of signature (p, g). As usual we write a to denote an 
Einstein scale. If not stated otherwise, we assume k G {0, . . . , |} and we put 
£_i := 0. The space Hq = N'{Gk ■ — > ^k-i)-, where Gk ■= SQl, is conformally 
invariant |7], and we shall term it the space of conformal harmonics. 

We shall describe Hq in more details. As mentioned in the Introduction, we 
will use the notation 

, := {/ G S'^ I d6f = A/}, n'^^, := {/ G S'^ \ 5df = A/} 
and := Ar(c/) n7V(5) 
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where A G M. Then C TL% + Note that if A ^ then C 7^(c/), and 
similarly Ti^ ;^ C 7^((5). 

As well as 7i|., we shall also study the null spaces of the operators Gk and L^. 
Our treatment relies on the following observation: 

Theorem 5.1. Let V he a vector space over a field F. Suppose that E is a linear 
endomorphism on V, and P = P[E] : V ^ V is a linear operator polynomial in E 
which factors as 

P[E] = (E-Ai)---(E-Ap) 
where the scalars Ai,...,Ap G F are mutually distinct. Then the solution space 
Vp, for P, admits a canonical and unique direct sum decomposition 

(22) Vp = ©LiVa, , 

where, for each i in the sum, Vx- is the solution space for E — Xi. The projection 
Projj : Vp — > Va, is given by the formula 

j=P 3=P 

Proji = yi n ~ ^i) ^^^^^ = n : 



This is a special case of Theorem 1.1 from [30]. To use this result in our setting 
we need the following result. 

Lemma 5.2. The constants 

2i(n -2k-i + l) , 

^ ieN, ke{0,--- ,n-l}, 

n 

are mutually distinct and negative for i = 1, . . . , 
Proof. Assume that the scalar 

2i{n - 2k - i + 1) - 2j{n ~ 2k - j + 1) = 2{i - j) [n - 2k - + j) + 1] 
is equal to zero for some i,j = 1, . . . , ^^^^5^. This can happen only if i = j or 



n-2k 
2 



n — 2k — {i + j) + 1 = 0. But the latter possibility cannot happen as i,j < 
means i + j < n — 2k. Thus the discussed scalars are mutually distinct. The 
scalars are negative since for the ranges considered z > 1, and 2i < n — 2k implies 
that i + 2k<n-i<n + l. □ 

Definition: We define the scalars: 

(23) X'l:=-^li!^^ltll±}lj^ ,eN, /tG{0,---,n-l}, 

where, recall, J is the trace of the Schouten tensor. So on Einstein manifolds these 
scalars are constant and, if J 7^ then these are non-zero and mutually distinct. 

Proposition 5.3. Let {M,g) be an Einstein manifold which is not Ricci flat. 
We will use the scalars Af from [2^) and put p = The null space of the 

conformally invariant operator L^ '■ £^ ^ £k defined in Corollary \4.4\ is 

Af{Lk) = © 07^^^^,,,, A: G {0, . . . , ^ - 1}, 
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andU{Ln/2)=£'''^ = Sn/2. 

Proof. The case k = n/2 is obvious so assume G {0, . . . , | — 1}. Since Lk = 
6Pj^^l[d6]d according to Corollary 14.41 and Pj!^l[d6]d = dPj^~l[6d] we get Lk = 
6dPj^^l[6d]. Now the Proposition follows from Theorem EH] for E = 6d and Lemma 

EM □ 



Note that C T^^g, n ©fJi7^\,+i = {0}, and ©f-^T^^.+i C n{5) for ^ f . 

Lemma 5.4. Lei {M,g) be an Einstein manifold which is not Ricci flat. In the 
Einstein scale a, the null space of the operator G^. : ^k-i given by is 



(24) Ar(G^)=Ar(5)©0< 



■k 
i=l 



where the scalars are from ( f^j and p 



n-2k 



Proof. Observe = 5Pl[dS\ = Pj^[6d]6. We will work in the Einstein scale a 
throughout the proof. The case = | is obvious so we assume < |. 

Let us start the inclusion ^. Clearly M^S) C J\f{Gl). Further suppose that 

/ G Ti-^ )^ for some j G 1, • . . , This means d8f = Xjf using the definition 

of Ti.^x'^. The composition factors in (|2T]1 . which yields the formula for P^[d5], 

commute and one of these factors is d6 — X'j. Hence Pj![d6]f = which means 

fe^^{Gl). 

Now we discusses the inclusion Af{Gl) C Af{6) © 0iLi '^ct^a*^ ■ From Lemma 
15.21 it follows that the for z = l,...,p are mutually distinct. First observe 
■M'iGl) C Af{d6Pl[d6] : S'' S^) since = 6P^[d6]. It follows from Theorem 
15.11 (where we put E = d6) that / G Af {d6 Pj![d6]) can be uniquely written in the 
form f = f + XlLi fi where 



n(rf5-A,^)]/ and /, = d5 [ jf (d5 - A^^)] /, 



where y and yi are appropriate scalars, and this decomposition satisfies d6fi = X^fi 
for i = 1, . . . ,p and dSf = 0. Note the last display means / = yPj^[d6]f. 

Now consider this decomposition for / G Af{Gl). The condition d6fi = Xffi 

means fi G 'H^)^k. Further applying 5 to / = yPl[d5]f , we obtain 5f = y6Pj![d6]f = 

yGlf = 0. Hence /G 7V(5). □ 



Theorem 5.5. Let {M,g) be an Einstein manifold which is not Ricci flat. We use 
X^ to denote the scalars from and put p = The conformally invariant 

space Hq = N{Gk '■ — > Sk~i) is given by the direct sum 

(25) n'a = K®^nl 



—k 

1=1 
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Proof. By the definition, Hq is equal to the intersection J\f{Gl) nAf{d). Since 
^^{Gl) = A/'((5) © 0f^i according to LemmaEl and H^^^k C n{d) C ^^{d), 
we obtain H^^ = {Af{6) n Af{d)) © 0^^^ ul^^t . □ 

As discussed in the Introduction, a conformally invariant cohomology space may 
be defined: 

Hl:=U{U)/n{d) , 

where of course d means d : £^~^ £^ , as is clear by context. From the definitions 
of the various spaces it follows automatically that this fits into the complex ((21) of 
[7]. Here and below we put := and := 0. 

Let us work on a non Ricci-fiat Einstein manifold. To discuss (l2|) we note that 
we have mappings 

(26) nl.^n'J and Ht;,' ^Kx- 

In the case A 7^ this is a bijective correspondence as f 6f ^—^ d6f = Xf for 
/ G H^x and similarly for the opposite direction. In particular 

n — 2k 71 — 2 k 

2 2 

d : ^ H'^Jk ^ 'H^^x'y ) 

i=l ' i=l 

is a bijection. Using this it is easily verified that our results above are consistent 
with ([2]) in the sense that from Proposition 15.31 and (1251) one verifies that ([2]) is 

exact at Hq. Also since ©j^^^ '^a~\'y intersects trivially with 7l{d) it follows that, 
in the Einstein scale a, 

n — 2k 

(27) Ht' = nt-i © oV^(rf)) • 

i=l 

The spaces HI also contribute to another exact complex on even conformal 
manifolds, 

(28) -> H'-' ^ Ht' ^nt^Ht, A; G {0, 1, ■ ■ ■ ,n/2} 

which is a tautological consequence of the definition: = J\f{Lk). In analogy 
with ([2]), surjectivity of the last map is not known in general. This motivates 
studying Af{hk). From the results for the null spaces of Lk and Gk we have the 
following. 

Corollary 5.6. The null space M {hk) , ofl^k, is conformally invariant. On{M,g), 
an Einstein manifold which is not Ricci fiat, J\f(Lk) is given by the direct sum: 

p-i ^ p 

AfiJLk) = {Af{6)nAf{Sd)) © 0^;,,.+! © 0^'a,^, < A; < I - 1 

i=l ' 1=1 

where the scalars are given in (E^ and p = Further M(Ln/ 2) =M{5). 
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Proof. The case k = follows from Proposition 15.31 and the case = | is obvious. 
Assume 1 < A; < | — 1. The conformal invariance follows from the conformally 
invariance of L^. In the scale a, we have M{hk) = J^{Lk) fl A/'(G^) hence we need 
intersection of the direct sums in the displays of Proposition 15.31 and Lemma 15.41 
Since Tig., a* — A/'(5(i) = H^q (by the definition of these spaces) for i = 1, . . . ,p, we 
obtain 

p-i 

i=l 

Since similarly TC^^k+i ^ -^i^) for i = 1, ... ,p — 1, the statement follows. □ 

Returning to the sequence ( l28l l. exactness is easily verified using Corollary 15.61 
and the bijections (l26ll . Note the direct summand A/'(5) nAf{Sd) from the previous 
corollary satisfies 

(29) f^{6) n ATid) C Ar{6) n Ar{6d) C ^/{d6 + (5c/) . 

Remark. We can also study the space J^{Ql ■ — > Sk). A direct application of 
Theorem 15.11 shows that 

Af(Ql:C'^£,) = ^nl^,.cnid), 

i=l 

on (M, g) an Einstein manifold which is not Ricci flat and with notation as above. 

Let us, as usual, assume that (M, g) is Einstein and not Ricci flat. The operator 
Ql simplifies on TCq. Considering (l25l) . observe that vanishes on H^^'' — 
for each of the nonzero scalars ; this is because the composition factor d6 — 
of Ql vanishes on Ti-^^k. Further, is a multiple of the identity on because 
5 vanishes on 7i^. Using (l25l) . we summarise this. 

Proposition 5.7. Let {M,g) be an Einstein manifold which is not Ricci fiat. The 
restriction ofQl : £k to the conformal harmonics Hq is given in the Einstein 

scale a as follows: 

Ql\_, =0 and Q^l^fe = s'=/"-^'^)/2id where 
2i{n -2k-i + l) 



n-2k 
2 



n 



n 



Note the last display means s"/^ = 1. 

The space B'' = {df \ Q^df G 7^(5)} C TCq is conformally invariant and in [7] 

plays a role in studying Hq. Clearly /' := df E H^x'^j i = ^, ■ ■ ■ ,P '■= ^^"-^ satisfies 
Qlf = thus trivially /' G B\ Therefore 0f=i^t,A^^ ^ 
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6. Compact conformally-Einstein spaces 

Recall that iov (p & , ip & and (M, [g]) compact of signature (p, g), there 
is the natural conformally invariant global pairing 

(30) ip,ip ^ {ip,ip) := ifi-ipdfXg, 

J M 

where ip ■ ip E £[—n] denotes a complete contraction between ip and ^. When M 
is orientable we have 

J M 

where -k is the conformal Hodge star operator. 

This pairing combines with the operator Q^, to yield other global pairings. For 
example on compact pseudo-Riemannian manifolds, there is a conformally invari- 
ant pairing between Af{Lk) and C'^ given by 

(31) {u,w) {u,Qkw) k = 0,1, ■ ■ ■ ,n/2 

for w E and u G Mi^Lk) [71 Theorem 2.9, (ii)]. We want to examine this in 
the Einstein setting. The case k = n/2 just recovers (l30l) and so we focus on the 
remaining cases. 

We assume that (M, g) is even dimensional, Einstein and not Ricci-flat. Consider 
{u,Qkw) with w e C^, u e N'iLk), k G {0, ■■■n/2 - 1}. By Proposition O 
decomposes directly: u = Uq + Ui where Uq G T^^q ^^'^ ""i ^ ©fJi'^^^fc+i^ Now 
ui = 6u' for some (fc + l)-form u' so, integrating by parts, 

{ui,Qlw) = {u,dQlw) . 

But using Corollary 14.31 we have dQ^w = 0. We summarise this simplification of 
the pairing. 

Lemma 6.1. On an even, Einstein, and non Ricci-flat, compact manifold {M,g = 
cr^^g) the pairing on Af{Lk) x C'^ descends to TC^q x C'' . 

Note that for k = 0, TC^q is the null space of the Laplacian. 

Next, on compact pseudo-Riemannian manifolds, we recall that Ql also gives 
a conformally invariant quadratic form on TCq |8]; this is given by (l3Ti l with now 
u,w E Hq. We write this as 

(32) e : X ^ M . 
By Proposition 15.71 this specialises as follows: 

Proposition 6.2. On non Ricci-flat compact even Einstein manifolds {M,g) the 
quadratic form 6 : Hq x Hq — M descends to 

n^xnt^R ke {0,1,..., n/2} 

given by 

f \ k rlilllk I \ 

[U,W) t-^ S J 2 (^U, W) 

where the constant s^ is given in Proposition \5. 71 
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6.1. Compact Riemannian spaces. We now assume {M,g) is a compact Ein- 
stein manifold of Riemannian signature. As above we relate g to a & by 
g = (T~'^g, we assume /c G {0, . . . , |} and we set := 0. Many results from the 
previous section simplify in this setting. In particular we may use the de Rham 
Hodge decomposition £^ = 7l{d) © Ti-iS) © and is the usual space of de 
Rham harmonics, that is = Af{dS + Sd) = H^. It also follows that the con- 
tainments in ( 1291 ) may be replaced by set equalities. Note also that, for example, 
Ar{6d) =J\f{d). 

Next observe that, since the operators 5d and d5 are positive, we have the 
following from Lemma 15. 2[ 

Proposition 6.3. // {M,g) is a positive scalar curvature compact Riemannian 
Einstein manifold then 

. , = and nt^k = fc' e {0, ■ ■ ■ , n} 

for the Af as in ^23) . 

Using (l29l) and the related observations we have the following specialisations of 
the results of Section O 

Theorem 6.4. Let {M,g) be a compact Riemannian Einstein manifold of even 
dimension. We have the exact sequences 

and 

In particular (M, [g]) is {k — 1) -regular for k = 1, ■ ■ ■ ,n/2. 

Assume {M,g) is not Ricci-flat. With the scalars as in ^2M) and p = ^^^"^^ 
we have: 

Af{Lk) = © n'^^^,+, , k < n/2. 

i=l 

i=l 

p-1 p 

AfiLk) = H> ,.+1 © , k<n/2, 

i=l ' i=l 

while trivially we have J\f{Ln/2) = £"'^'^ and J\f(Ln/2) = A/'(5). In particular, in the 
case of positive scalar curvature: J\f{Lk) = and J\f{hk) = Ti.^ for k < n/2, and 
Hg - n^. 

If (M, g) is Ricci-flat then 

Af{Lk) = and He = Ar(Lfc) = for k < n/2. 
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Note that in the non Ricci-flat case Tif^ is formally as in (l25l) . but now we have 

The implications for the global pairings are as follows. The first statement in 
the Theorem follows from Lemma 16.11 Theorem 16.41 and that Ti^ q = m the 
compact Riemannian setting. 

Theorem 6.5. Let {M,g) be a compact Riemannian Einstein manifold of even di- 
mension. The pairing onJ\f{Lk) xC'' , by {u, w) {u, Qkw) , with = 0, 1, ■ ■ ■ , n/2 
descends to x . By Theorem \ 6.4\ the quadratic form 9 from f3E) yields a 
conformally invariant quadratic form 

In the Einstein scale this is given by Proposition \6.^ where Ti^ are the usual har- 
monics for g. In the Ricci-flat case this quadratic form is zero for k < n/2 and 
recovers ( fg^j for k = n/2. 

The last statement of the Theorem uses expression (i2Ti ) and Theorem 16. 4[ 

Remark 6.6. Note that, for the case of A; = and M connected, the first result 
of the Theorem states that for / in the null space of the dimension order GJMS 
operator (recall Lq = A"/^ + lower order terms) 

j fQ = cj Q. 

where c is a unique constant such that c — f E 7i{5'^). (Here we write 5" to em- 
phasise that, although the display is conformally invariant, to write the difference 
c — / as a divergence requires working in the Einstein scale.) 

In an Einstein scale the space B'' is given as 

J = 0. 

7. The Fefferman-Graham ambient metric 

Thus let us review briefly the basic relationship between the Fefferman-Graham 
ambient metric construction and tractor calculus as described in [TT] for general 
conformal manifolds. 

Let vr : Q — > M be a conformal structure of signature (p, g). Let us use p to 
denote the IR+ action on Q given by p{s){x,gx) = {x.s'^gx). An ambient manifold 
is a smooth (n + 2)-manifold M endowed with a free M+-action p and an IR+- 
equivariant embedding i : Q ^ M. We write X E X(M) for the fundamental 
field generating the M^-action, that is for / G C°°{M) and u E M we have 

Xf{u) = {d/dt)f{p{e')u)\t=o. 

Hi: Q — > M is an ambient manifold, then an ambient metric is a pseudo- 
Riemannian metric h of signature (p + 1, g + 1) on M such that the following 
conditions hold: 



Corollary 6.7. Put p := 

follows: 

= 
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(i) The metric h is homogeneous of degree 2 with respect to the R+-action, i.e. 
if Cx denotes the Lie derivative by X, then we have Cxh = 2^. (I.e. X is a 
homothetic vector field for h.) 

(ii) For u = {x,gx) G Q and ^,r] e TuQ, we have h{i^^,i^r]) = gx{TC^^,Tc^ri). ^ 

To simplify the notation we will usually identify Q with its image in M and 
suppress the embedding map i. 

To link the geometry of the ambient manifold to the underlying conformal struc- 
ture on M one requires further conditions. In [201 [21] Fefferman and Graham treat 
the construction of a formal power series solution, along Q, for the Goursat prob- 
lem of finding an ambient metric h satisfying (i) and (ii) and the condition that it 
be Ricci flat, i.e. Ric(/i) = 0. In even dimensions for a general conformal structure 
this is obstructed at finite order. However when the underlying conformal struc- 
ture is (conformally) Einstein then an explicit Ricci-flat ambient metric is available 
[33l [3il [35] . (In fact also more generally a similar result is available for certain 
products of Einstein manifolds [25].) Here we shall use only the existence part 
of Ricci-flat ambient metric. The uniqueness of the operators we will construct 
is a consequence of the fact that they can be uniquely expressed in terms of the 
underlying conformal structure as in [TTl [27]. 

It turns out that one may arrange that h. is a metric satisfying the conditions 
above (i.e. (i) and (ii) and with h Ricci flat to the order possible) with Q := 
h{X,X) a defining function for Q, and 2h{X,-) = dQ to all orders in both 
odd and even dimensions. We write V for the ambient Levi-Civita connection 
determined by h. We will use upper case abstract indices A,B, - ■ ■ for tensors on 
M. For example, if is a vector field on M, then the ambient Riemann tensor 
will be denoted Rab'~^d and defined by [V^, V^jf'" = Rab'~^ ■ In this notation 
the ambient metric is denoted Hab and, with its inverse, this is used to raise and 
lower indices in the usual way. We will not normally distinguish tensors related in 
this way even in index free notation; the meaning should be clear from the context. 
Thus for example we shall use X to mean both the Euler vector field and the 
1-form Xa = /iabX^. 

Let £{w) denote the space of functions on M which are homogeneous of degree 
w G M with respect to the action p. That is / G S{w) means that X/ = wf. Sim- 
ilarly a tensor field F on M is said to be homogeneous of degree w if p{s)*F = s'^F 
or equivalently Cx^ = wF. Just as sections of £[w] are equivalent to functions 
in S{w)\q we will see that the restriction of homogeneous tensor fields to Q have 
interpretations on M as weighted sections of tractor bundles [TTl [27|. 

On the ambient tangent bundle TM we define an action of M+ by s ■ ^ : = 
s~^p(s)=K^. The sections of TM which are fixed by this action are those which are 
homogeneous of degree —1. Let us denote by T the space of such sections and 
write T{w) for sections in T ®£{w), where the ® here indicates a tensor product 
over £{Q). Along Q the M+ action on TM is compatible with the M+ action on 
Q, so the quotient (TM|q)/R+, is a rank n + 2 vector bundle over Q/M+ = M; 
in fact this is (up to isomorphism) the normal standard tractor bundle T (or E"^) 
[TTl [27] and the composition structure of T refiects the vertical subbundle TQ in 
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TM\q. Sections of T are equivalent to sections of TM|g which are homogeneous 
of degree —1, that is sections of T\q. Using this relationship one sees that the 
ambient metric h and the ambient connection V descend to, respectively the 
tractor metric /i, and the tractor connection V^. For the metric this is obvious. 
We discuss the connection briefly. For f/ G T, let U be the corresponding section 
of T|q. a tangent vector field ^ on M has a lift to a homogeneous degree section 
^, of TM|q, which is everywhere tangent to Q. This is unique up to adding /X, 
where / G £{S^)\q- We extend U and ^ smoothly and homogeneously to fields on 
M. Then we can form V^f/ ; along Q, this is clearly independent of the extensions. 
Since '^xU = 0, the section V^f/ is also independent of the choice of ,^ as a lift 
of ^. Finally, the restriction of V^f/ is a homogeneous degree —1 section of TM\q 
and so determines a section of T which depends only on U and ^. This is V'^f/. 
Finally we will say that an ambient tensor F is homogeneous of weight w if 
= wF. The weight is a convenient shifting of homogeneity degree. Note, 
for example, that an ambient 1-form U which is homogeneous of degree —1 is 
homogeneous of weight and this means that ^ xU = 0. 

7.1. The main result. In Section [4] several operators were defined on conformally 
Einstein manifolds directly using tractor calculus and the parallel tractor of the 
Einstein structure. On the other hand in [7] operators with the same notation 
were defined on general conformal manifolds via the Fefferman-Graham ambient 
metric, and its link to tractor calculus. The aim of this section is simply to show 
that these agree (up to a nonzero multiple). 

Proposition 7.1. Assume n even and A;G{1,...,|}. On Einstein manifolds the 
operator defined by ^M) agrees with the operator with the same notation in [7] . 
The operators Lk and from Section\^ also agree with the operators of the same 
notation in [7j. 

Here "agree" means the operator is the same up to a non-zero multiple, and we 
will not pay attention to the detail of what this constant factor is. 

On the ambient manifold a special role is played by differential operators P on 
ambient tensor bundles which act tangentially along Q, in the sense that PQ = 
QP' for some operator P' (or equivalently [P, Q] = QP" for some P") . Note that 
compositions of tangential operators are tangential. If tangential operators are 
homogeneous (i.e. the commutator with the Lie derivative Cx recovers a constant 
multiple of the operator) then they descend to operators on M. An example of a 
tangential operator is given by 

{n + 2w~2)V + X4.=:I^: r^{w) ^ T ®r^{w - I) 

where 'T'^{w) indicates the space of sections, homogeneous of weight w, of some 
ambient tensor bundle, and 

Here we use the Laplacian A := — V^Va for compatibility with [7j. We will leave 
the verification that Ip is tangential to the reader, but note this also follows from 
the result that (n + 2w-2)V + XA =: D : T*(w) T (8)T*(w-l) is tangential 
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as discussed in [27l[TT]. Since this is tangential and homogeneous it descends to an 
operator on weighted tractors. In fact it gives the usual tractor-D operator [271 [TI] . 
The ambient i^tjjl similarly descends (in dimensions n 7^ 4) to a multiple of VTjjtl- 
Thus acting on weighted tractor bundles [28]. Thus T'^{w) T ® 7''^{w — 1) 
descends to T'^{w) — * T(8)T*(w — 1) in dimensions other than 4. (Here T* means 
the tractor bundle corresponding to T"*.) Henceforth for (M, [g]) of dimension 4 
we take Ip:= D, rather then the definition above. 

Now if (M, [g]) is conformally Einstein and / a parallel tractor corresponding 
to an Einstein scale then along Q in M we have a corresponding parallel vector 
field /. From the explicit formula for the ambient metric over an Einstein manifold 
ones sees that I extends to a parallel vector field on M. (In fact when the Einstein 
scale is not Ricci fiat then the ambient metric is given as a product of the metric 
cone with a line.) We have (on 7'*[w]) 

I^IpA = {n + 2w- 2)/^Va + 0-4 , 

where cr = IaX^ G S{1). Note that cr is a homogeneous function on Q corre- 
sponding to cr = IaX"^. 

Thus if we extend a tensor field U G T'^{w)\q off Q in such a way that 
I^'V aU = (which implies U G T'*(w)) then we get simply 

I^I^A = cr4 . 

Note that I'^'VaU = can be achieved by starting with a section along Q and 
then extending off Q by parallel transport. The key point here is that I^Xa is 
non-vanishing, at least in a neighbourhood of Q, and so I^'Va is not tangential 
to Q. 

Next observe that, since cr = IaX^ and I a is parallel, we have 

VaO- = I A , 

which is parallel. Thus 

(33) [4, a] = [A,a-]=2I^VA 

where we consider cr multiplication operator. 
The following observations will be useful. 

Lemma 7.2. If R denotes the ambient curvature then I^'VaR = 0. 

Proof. By the Bianchi identity 

I'^'V aRbC^ E + I^'^ cRaB^ E + I'^'^ bRcA^ E = 0. 

But I is parallel which implies that [V, /] = and I'^Rab^e = = I^Rca^e- 
So the result follows. □ 

Lemma 7.3. // U is an ambient tensor such that I^'VaU = then, for any 
peNU {0}, I'^VAi.^U) = 

Proof Clearly, acting on any ambient tensor, we have [/^VA,Vij] = 0. Thus 
J^Vyi commutes with the Bochner Laplacian A. On the other hand by definition 
4 differs from the Bochner by a curvature action: A = —R^^, while from the 
previous Lemma the ambient curvature is parallel along the fiow of I'^'Va- D 
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The main technical result we need is this. 
Proposition 7.4. For f an ambient form homogeneous of weight k — n/2 we have 

along Q. 

Proof. First note that both sides are tangential operators. For the right-hand-side 
this is proved in |7j. For the left-hand-side it holds simply because ^is tangential 
and / is parallel on the ambient manifold. So neither side can depend on the 
transverse (to Q) derivatives of the homogeneous /. 

Now the result is true if k = 1. Also, calculating along Q, 

and so by induction 

Since the result is independent of transverse derivatives we may choose the exten- 
sion off Q to suit. Thus we assume without loss of generality that I^'VAf = 0. 
Then I'^pAf = (r^^f and so 

So from (l33l) and Lemma [7731 the result follows. □ 

By Proposition 3.2 of [7], the operator ^ is homogeneous and acts tangentially 
on ambient differential forms of weight m — n/2. Thus it descends to an operator 
that we denote on form-tractors of weight m—n/2. From the above Proposition 
we obtain immediately the following results. 

Corollary 7.5. On conformally Einstein manifolds (M, [g]) the invariant operator 
/^m '■ T^[m — n/2] T^[—m — n/2], m G {0, 1, 2, ■ ■ ■ }, is formally self-adjoint 
and given by 

= a-'^'il^pAr 

where cr~'^q is an Einstein metric on M and I = -Da. In odd dimensions these 
are natural operators. In even dimensions the same is true with the restrictions 
that either m < n/2 — 2; or m < n/2 — 1 and k = 1; or m < n/2 and k = 0. 
In the conformally flat case the operators are natural with no restrictions on m E 
{1,2,...}. 

Proof. The statements on naturality are extracted from [7j. It only remains to 
establish the claim that the operator is formally self-adjoint. But this is immediate 
from the formula for the right-hand-side from (fTBl) because I^pA = according 

to (HD. □ 

Finally we are ready to prove the main result: 
Proof of Proposition PO ; By expression (40) from [7] and the fact that as 
in Corollary 17.51 is formally self-adjoint we have that the operator from [7] is 
given by 

Lfc:=V(^)£(X)gfc, 
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where the notation is from that source. But it is a straightforward calculation to 
verify that, up to a non-zero multiple, L{]p)e{X)qk is exactly the operator M from 
(fTSll . (See also [371 2.1.2 and (2.8)] where the special case A; = 2 is treated in 
detail.) So the result now follows from the Corollary and (fTSll where w = and 
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